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In [6], Isaacs and Passman determined all finite groups G with the 
property that the degrees of all irreducible representations of G over C are 
1 or prime numbers. We call such a group an Isaacs-Passman group. By 
[6], Isaacs-Passman groups are solvable, more precisely G”’ = E and there 
are at most two primes among the degrees of the irreducible represen- 
tations of G. 
In this paper let K always be an algebraically closed field of charac- 
teristic p > 0. By cd,(G) (resp. cd,(G)) we denote the set of the degrees of 
the irreducible representations of G over K (resp. C). 
Our main result is the following theorem: 
1. THEOREM. Suppose that G is p-solvable with O,(G) = E and that 
cd,(G) contains only 1 und some prime numbers. If G is not un 
Isaac.9 Passman grow, then Char K=p=3, G’ 2 SL(2,3) and 
1 G/G’Z( G) 1 = 2. 
Conversely, IY G’ z SL(2, 3) and 1 G/G’Z( G)I = 2, then the degrees of G 
over K (Char K= 3) are 1,2, 3, the degrees of G over C are 1, 2, 3,4. 
(GL(2, 3) is a group in the latter class.) 
In the proof of this theorem we need the following result of independent 
interest: 
2. THEOREM. Suppose that G is p-solvable and O,(G) = E. If 
cd,(G) = { 1, p}, then O,.(G) is abelian, p2 .J 1 G 1 and either 
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(i) G is p-nilpotent and cd,(G) = { 1, p} or 
(ii) 1 G/O,,,r(G)] = r is a prime dioiding p - 1 and cd,(G) = { 1, p, r}. 
There exists a prime q dividing the order oj’G and a multiple n of r such that 
p= q”-l ./r. 4 
(This number-theoretic ondition already appears in Isaacs-Passman [6].) 
3. Remarks. (a) For Isaacs-Passman groups, solvability is a con- 
sequence of the assumption about the character degrees. This is not so in 
the modular case: 
P&5(2, 5) has the degrees 1, 3, 5 in characteristic 5, 
PSL(2, 7) has the degrees 1, 3, $7 in characteristic 7
(Blackburn-Huppert [ 1, p. 38ff ] ). 
(b) As the maximal normal p-subgroup O,(G) of G is the intersec- 
tion of the kernels of all irreducible representations of G over K 
(Char K=p), the degrees of G over K are the same as the degrees of 
GIOJG 1. 
(c) Let G be p-solvable. By the theorem of Fong and Swan (Feit 
[2, p. 4191) every irreducible representation of G over K is obtained from 
an irreducible representation of G over C by reduction modp. Hence for p- 
solvable groups cd,(G) & cd,(G). 
We collect several results which we use in the proofs of theorem 1 and 2. 
4. LEMMA. (a) Let G be q-solvable and let q be a prime which does not 
divide any degree of G over C. Then G has a normal abelian Sylow-q-sub- 
group (Zsaacs [S, p. 2161). 
(b) Let G be p-solvable. If every degree of G over K (Char K = p) is 
prime to p, then G has a normal Sylow-p-subgroup (easy). 
(c) rf G is p-nilpotent with abelian Sylow-p-subgroups, then the 
degrees of G over K and @ are the same (Michler [7], Feit [Z, p. 4173). 
(d) Let V be an irreducible KG-module and N a G. Then 
v,= W,@...@ w, 
with irreducible KN-modules W,, which all have the same dimension. If G/N 
is p-solvable, then k divides ) G/N 1. If in particular G/N is p-solvable and 
(1 GjNI, dim kV) = 1, then V, is an irreducible KN-module (Blackburn- 
Huppert [ 1, p. 1431). 
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(e) Let G be p-solvable and V an irreducible KG-module. Then there 
exists a subgroup H ,< G and an irreducible KH-module W such that 
(i) Vg WC, 
(ii) (dim KW, p) = 1. 
If in particular dim KV is a power of p, then the representation of G on V is 
monomial (Tsushima [9] ). 
5. LEMMA. Let G be p-solvable and O,(G) = E. Suppose that all degrees 
of G over K are 1 or primes. If Char K= p is not a degree of G over K, then 
p [ 1 G 1; in particular, G is an Isaacs-Passman group. 
Proof: By Lemma 4(b), O,,(G) = E is a Sylow-p-subgroup of G, thus 
p{I GJ. Hence the degrees of G over @ and K are the same (Hup- 
pert [3, p. 5321). 
6. LEMMA. Let G be p-solvable with O,(G) = E. Suppose that the degrees 
of G over K (Char K = p) are p and some numbers prime to p. Then p2 [ ( G 1. 
If 1 G/O,,,p(G)( = r > 1, then r is a prime dividing p - 1 and 
p’ f-1 
4 
n/r _ 1 ’ 
where q is a prime dividing 1 G) and n a multiple of r. 
Proof: (a) Suppose that D, is an irreducible representation of G over K 
of degree p. Then D, is monomial by 4(e). Hence G has a normal sub- 
group A such that 
(i) Do represents A by diagonal matrices, so A/ker D, is an abelian 
p’-group; 
(ii) G/A is isomorphic to a p-solvable transitive permutation group of 
degree p, hence 
IG/Al =p4 where dl p- I. 
We put S= fiD ker D, where D runs through all irreducible represen- 
tations of G over K of degree p. 
Let W be an irreducible KS-module, not the trivial module. If V is any 
irreducible KG-module such that Horn ,&WC, V) # 0, then by Nakayama- 
reciprocity Horn KS( W, V,) # 0 and hence W is an irreducible component 
of Vs. Hence V, is not trivial, so dim KV and dim KW are p’-numbers. 
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Therefore by 4(b), p[ I S/O,(S)\. As O,(S) d O,(G) = E, S is a $-group. 
Hence the Sylow-p-subgroups of G/S and of G are elementary abelian. By 
Hall-Higman, G has p-length 1. 
(b) We put N = O,.(G) and M = O,.,p(G). Let C be the centralizer of 
Hom( N/N’, K y ) in M. As the elements of Hom(N/N’, C x ) correspond by 
reduction mod p to the elements of Hom(N/N’, K” ), C also fixes all 
elements of Hom(N/N’, @’ ). As N is a $-group, the characters in 
Hom(N/N’, K” ) separate the elements of N/N’, hence C fixes N/N’ 
elementwise. 
As M/C is abelian by (a), there exists a A E Hom(N/N’, Kx ) belonging to 
a regular orbit of M/C (Passman [S]). As C/N’ is abelian, II can be exten- 
ded to an element A0 E Hom(C, K” ) and the representation /I,M is 
irreducible of degree M/C. Hence ( M/C 1 divides p. 
As C is p-nilpotent with abelian Sylow-p-subgroups, the degrees of C 
over K and C are the same by 4(c). As we mentioned above, C fixes all the 
characters of N over @ of degree 1. Let x be an irreducible character of N 
over Cc with x( 1) > 1. If T,.(X) is the inertia subgroup of x in C and 
with irreducible characters x, of C, then the x,’ are irreducible and 
xc’(l)= IC: T,(X)1 x;(l) 
is a multiple of ) C: T,.(x)1 x( 1) (Huppert [3, p. 5711). By our assumption, 
the degrees of C over @ are p or @-numbers. As I C: r,(x)1 is a power of p 
and x( 1) a $-number, this implies T,(X) = C. Hence C fixes all irreducible 
characters of N over c. By Brauer’s permutation lemma (Hup- 
pert [ 3, p. 5361) C also fixes all conjugacy classes of N. As I C/N 1 and 1 N ( 
are coprime, this implies C = N x P for some normal p-subgroup P of G 
(see Isaacs [S,p.216]). But PdO,(G)=E, so C=N and (M/NI=p. As 
G/M operates faithfully on M/N, G/M is cyclic of an order r dividing p - 1. 
(c) Now suppose that I G/M ( = r # 1, Let P be a Sylow-p-subgroup of G, 
hence M= NP and (PI =p. 
G 
r 
M = O,.,(G) = NP 
P 
N = O,.(G) 
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By (b), [N/N’, P] #E. Hence there exists a principal factor V= N/N, of G 
such that [V, P] = V. We consider the representation of G = G/N on V. Let 
G=Pi? with IPI =p and IR( =r# 1. Let 1 #IEHom(V, K”). As P acts 
fixed-point-freely on V, it also acts fixed-point-freely on Hom( V, K x ). If 
r(n) denotes the inertia subgroup of i in G, then p[ 1 T(I)/NI and so 
T(A)/N is cyclic. By BlackburnHuppert [ 1, p. 1281 A has an extension 
,I0 E Hom( T(1), Kx ) and n,G is an irreducible representation of G over K of 
degree IG: r(,I)l. As p divides JG: T(n)l, this forces IG: T(I1)1 =p. Hence 
T(i)/N is one of the p conjugates of R in G. 
As P= Hom( V, K” ) is an irreducible G-module, we obtain for any 
l#/IEB 
Hence v is even an irreducible P-module. 
By Huppert [3, p. 1651, we can identify p with some finite field GF(q”)+ 
with r 1 n, such that G acts on GF(q”)+ by semilinear transformations over 
GF(q) and P acts by multiplications 
v -+ au (a, v E GF(q”), ap = 1 #a). 
Also, a generates GF(q”) over GF(q) as a field, so p l(q” - l)/(q”” - 1). 
Every complement R of P in G is generated by a uniquely determined 
element p of the form 
vp = b&” (0, b E GFtq”)). 
Hence these elements b form a set B with I B I =p. As we remarked, every 
element of P is fixed by some complement i? of P in G. Hence for every 
0 # v E GF(q”) there exists some b E B such that 
This implies 
(GF(q”))‘PY”“s B 
and hence 
q”- 1 
--,< I BI =p. 
4 nlr -1 
As p l(q” - l)/(q”/’ - 1 ), we finally obtain p = (q” - l)/(q”” - 1). This 
obviously forces r to be a prime. 
481,‘104!1-3 
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Quadruples (p, q, Y, n) of the type required in Lemma 6 seem to be rare, 
but there are some, even for r = n : 
p=2’-1 a Mersenne prime; 13=(33-i)/(3-l); 31=(53-1)/(5-1); 
2801 = (? - 1)/(7 - 1). 
Proof of Theorem 2. Again we put N = O,.(G) and M= O,.,p(G). By 
Lemma 6, ( M/N ( = p. As now all degrees of N over K are 1, N is abelian. If 
G is not p-nilpotent, then by Lemma 6 ) G/Ml = r is a prime and there 
exists a prime q dividing 1 G 1 and a multiple n of r such that 
p= q”-l 
9 nlr - 1’ 
We finally show that 1, p, r are the degrees of G over C. 
Certainly, the degrees of G/N over @ are 1 and r. Let 
1 #AE Hom(N, Cx ). Suppose at first that T(l) = G. As all Sylow sub- 
groups of G/N are cyclic, by a theorem of Gallagher (Isaacs [ 5, p. 1901) i 
can be extended to a character I, of G. All irreducible characters x of G 
with (xN, lL)N#O are of the form &,cp, where cp E It-r cG/N. Hence 
(&cp)(l)=cp(l) is equal to 1 or r. 
Finally suppose that T(A) < G. As N is a $-group, the reduction mod p is 
a bijective mapping of Hom(N, @ x ) onto Hom(N, K” ). If we denote by ;I 
the reduction of 1 mod p, then A” = xR for all g E G and T(L) = T(1). Now 
T(A)/N is cyclic. Hence 1 has an extension p to T(;i) = T(l) and pG is an 
irreducible representation of G over K of degree 1 G: T(l)l. This forces 
( G: T(A)1 =p, hence T(l)/N is cyclic and therefore I has an extension E., to 
T(i). Then every x E Irr eG with (x,,,, A),>0 is of the form (&p)“, where 
p E Irr T(A)/N. Now p( 1) = 1 and 
(A,,P)~ (l)= (G: T(l)1 =p. 
We fix the notations for the proof of theorem 1: 
8. Notations. Let G be p-solvable and O,(G) = E. Suppose that all 
degrees of G over K are 1 or primes, but that G is not an Isaacs-Passman 
group. We already know: 
(1) p2,j’IG1 (Lemma6). 
(2) G is not p-nilpotent (Lemma 4(c)). 
(3) p = Char K is a degree of G over K (Lemma 5), but also some 
prime q #p is a degree of G over K (Theorem 2). 
Again we put N = O,,(G) and M = O,,,p(G). Hence ( M/N) = p and G/M 
(#E) operates faithfully on M/N. In particular p # 2. 
SOLVABLE GROUPS 29 
9. LEMMA (a) The largest p’-factor group G/OP’(G) of G is abelian. 
(b) The degrees of G and OP’(G) over K are 1, p and a prime q with 
9#P. 
(c) N = O,,(G) is nilpotent; more precisely N = A x Q where A is an 
abelian q’-group and Q a nonabelian q-group. In particular, G is solvable. 
Proof: (a) By 8, (3) there exists an irreducible KG-module V such that 
dim .V=p. We put T= OP’(G). As pj’l G/TI, by 4d) V, is an irreducible 
KT-module. If W is any irreducible K(G/T)-module, VOK W is an 
irreducible KG-module (BlackburnHuppert [ 1, p. 1331). This implies 
dim KW= 1 for any irreducible K(G/T)-module. Hence the p’-group G/T is 
abelian. 
(b) By 8, (1) T= Op’(G) is p-nilpotent with abelian Sylow-p-subgroups. 
Hence by Lemma 4(c), the degrees of T over K and @ are the same. By (a), 
p is a degree of T over K and @. As T is an Isaacs-Passman group, the 
degrees of T (over K and C ) are 1, p and at most one more prime q # p. 
Let D be an irreducible representation of G over K with a degree dif- 
ferent from p and q. Then DI T splits completely in representations of 
degree 1. Hence 
pfl T/Tnker Dl, 
as K x does not contain any nontrivial p-th root of unity. As T= O@(G) 
has no nontrivial p/-factor group, we obtain 
T=TnkerD<kerD. 
As G/T is abelian (by a)), D has degree 1. 
Hence G and T have the same degrees over K. As T has at most three 
different degrees, but G by 8, (3) has at least three different degrees, the 
degrees of G and T over K are 1, p, q, where q is a prime and q fp. 
(~1 As 
T = Op’( G) < O,,,(G) = A4 
and q is a degree of T over K (by (b)), also q is a degree of M and hence by 
Lemma 4(d) of N. Therefore N has the degrees 1 and q (over K and C): 
Thus N = F(N) is nilpotent or 1 N/F( N)I = q, where F(N) denotes the 
Fitting subgroup of N (Isaacs [S, p. 201 I). 
Suppose I N/F(N)/ = q. As G/M operates faithfully on M/N, M/N is the 
only minimal normal subgroup of G/N. As G/C,(N/F(N)) is cyclic, this 
implies M ,< C,(N/F(N)). Hence M/F(N) is abelian. As O,(M) = E, cer- 
tainly F(N) = F(M). Hence by [4, Lemma 1.11 I M/F(M)1 = pq is a degree 
of M over @. But by 4c) then pq is a degree of A4 over K, which is 
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impossible. Hence N is nilpotent with degrees 1 and q over K and @. 
By 4(a) N = A x Q, where A is an abelian q’-group and Q a nonabelian 
q-group. 
10. LEMMA. Let D be an irreducible representation of G over K of 
degree q. 
(a) D is primitive. 
(b) N’ & ker D d N. 
(c) We put G= G/ker D and m= N/ker D. Then 1 N/Z(c)\ =q2, 
p < Z(G) and 
iv = F(C) = C,(R/Z( G)). 
(d) G/N is isomorphic to a subgroup of SL(2, q). 
Pro?6 (a) Suppose that D is imprimitive, hence monomial. Then there 
exists B 4 G such that 
(i) B/ker D is an abelian p’-group. 
(ii) G/B is isomorphic to a transitive permutation group of degree q. 
If p[ 1 G/ker D / , then G/ker D is abelian by Lemma 9(a). But this implies 
the contradiction degree D = 1. 
Hence p divides 1 G/B1 As G/B is a solvable transitive permutation 
group of degree q, G/B has a normal Sylow-q-subgroup with cyclic factor 
group, so G/B is p-nilpotent. As p2 / ( G 1, also G is p-nilpotent, a contradic- 
tion. 
(b) As G/ker D is not abelian, by Lemma 9(a) p ) I G/ker D 1. As p’,Y I G 1, 
we obtain ker D d O,.(G) = N. 
Suppose N’ < ker D. As D is primitive, this implies that the abelian nor- 
mal subgroup N/ker D is central in G/ker D. But then 
Mlker D = N/ker D x P 
with ( PI =p. As G/ker D is faithfully represented by D, we obtain the con- 
tradiction 
E # P = O,( M/ker D) < O,( G/ker D) = E. 
Hence N’ < ker D. 
(c) Let F/ker D be the Fitting subgroup of G = G/ker D. As N is 
nilpotent (by Lemma 9(c)), certainly N < F. If N < F, then MC F as M/N 
is the only minimal normal subgroup of G/N. But this implies the con- 
tradiction O,(G) # E. 
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Hence m = F(G). As D 1 m is monomial of degree q, ml is abelian. As D is 
primitive, R’ < Z(G). 
The representation D of N can be lifted to a representation DO of R over 
@. Let x be the character of D,. Suppose X E m\Z(@. Then there exists an 
j E &’ such that [X, j] = Z # 1. This implies 
D,(j) ~ ’ D,(X) D,(j) = D&Z) = aD,(i) 
with 1 #a~@“. Taking traces, we obtain I(.?)= ax(?), hence x=0 on 
N\Z(G). Now the orthogonality-relation shows 
IWI = c lx(.a2= c Ix(x)12=q2 lZ(G)l. 
.Y t Iv iEZ(G) 
We put C = C&N/Z(G)). Obviously m,< C. If i% C, there exists an - - - - 
Sg G such that N< 3~ C and s/m is abelian. This shows [S, S, S, S] < - - 
[N, S, S] ,< [Z(G), s] = E. 
Hence s is nilpotent und thus S < F(G) = R. This shows 
lv= C,(lv/Z(C)). 
(d) As I R/Z(G)1 = q2 and iV’ #E (by b)), we have 
iv= (Z(G), x,, X2) with .?:y EZ(G). 
By (c) m has the class 2. Hence F = ( [,?, , X2] ) and 
[X,, x2y= [Xf, X*] = 1. 
This shows 1 F I= q. In the usual way, we define on $/Z(G) a nonsingular 
G-invariant symplectic form f by 
.f(.!?zm Y,Z(f3) = t if [j1,j21 = [Xi, X2]‘. 
This shows that 
-- 
c?/C,(jCilZ(G)) = G/N E G/N 
is isomorphic to a subgroup of Sp(2, q) = SL(2, q), 
11. LEMMA. CharK=p=3, q=2, andGjNzS,. 
Proof: We put 1 G/N I = rp, where 1 # r I p - 1 (see Lemma 8). By Lem- 
ma 10(d) 
rp I I SW, 411 = (q2 - 1 )(q2 - 9). 
If q=2, thenp=3 and r=2. 
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Suppose q 2 3. By 10(d), the Frobenius group G/N is isomorphic to a 
subgroup of SL(2, q). If G/N operates reducibly on N/Z(G), it is 
isomorphic to a group of triangular matrices over GF(q), hence is p- 
nilpotent. But this is not true, hence G/N operates irreducibly on N/Z(G). 
The faithful, absolutely irreducible modules for G/N in characteristic q all 
have dimension r (even if r = q). Hence any faithful representation of G/N 
over GF(q) has at least the degree r. This forces r = 2. As q # 2, the only 
involution -E of X,(2, q) is central. As G/N is nonabelian of order 2p, this 
is a contradiction. This finally shows q = 2. 
12. LEMMA. If t is a prime and t > 3, the Sylow-t-subgroups of G are cen- 
tral in G. 
Proof. By Lemma 9(c) and 11, 
N=QxTx..., 
where T is a Sylow-t-subgroup of G. As Q’ #E, there exists an irreducible 
representation D, of Q over K of degree q = 2. If p E Hom( T, K” ), then 
D, = D, 0 p is an irreducible representation of N over K. Let T, denote the 
inertia subgroup of D I in G. Then N d T, d G. 
If T, < G, then T,/N is cyclic. Hence there exists an extension D, of D, 
to T, and 0: is irreducible of composite degree 2 / G: T, 1, a contradiction. 
Hence T, = G. But this implies that every irreducible character of T is 
stable under G. As T is a 3’-group, the characters of T distinguish elements 
of T, and so T is central in G. 
For the remaining steps in the proof of Theorem 1 we can assume that 
j G 1 = 2”. 3 for some s and that N = F(G) is a nonabelian 2-group. 
13. LEMMA. SupposeLaGandN’<L<N. WeputG=G/L,li-i=M/L 
and fl= N/L. Then 
Iv= [Iv, lirl] x C,(M), 
where [X, Ii? J is of type (2,2) and C,(A) is central in G. 
Proof. As the 3-group M/N operates on the abelian %-group N/L, we 
obtain 
iv= [N, A] x C,(lv) (Zassenhaus decomposition). 
- - 
M/N operates fixed-point-freely on N, = [x, A] and hence also on m, = 
Hom( N, , Kx ). As G has no irreducible representation of degree 6 over K, 
there is no orbit of length 6 of G/N on #, . Hence fi,\ { 1 > is a union of 
orbits of length 3 of G/N. Let i,, iz, i, be the involutions of G/N. As any 
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two of the 4 generate G/N, every element of fl, \ ( 1 } is fixed by exactly one 
of the ij. We put 
W, = C,,(ij) (j= 1, 2, 3). 
As the ij are conjugate in GIN and each i, operates non trivially on m,, we 
have 
) W,l=2”<2’= IW,I 
for some S, t. The partition 
fll\{ll= 6 twj\il}) 
J=l 
implies 
2’ - 1 = 3(2” - 1). 
This enforces s 1 t and 
3= 1 +2.y+... +pu--1). 
Hence s = 1, t = 2 and ( N, I= 4. As the cyclic group M/N of order 3 
operates nontrivially on N,, N, is of type (2, 2). 
We put Nz = C,(M). Then 
Hom(fi, K”)=Hom(N,, K”)xHom(N,, K”). 
We take 
1 #aEHom(N,, K”) and /?EHom(N,, K”). 
The orbit of a under G/N has length 3. If ,!J is not fixed under G/N, the 
orbit of fi has length 2 and the orbit of a/? has length 6. But this is 
impossible, for G/L has no irreducible representation over K of degree 6. 
Hence G/N operates trivially on m2 and then also on Nz. 
14. LEMMA. Let T be a Sylow-3-subgroup of G. Then N’ < C,(T) = 
Z(G). 
ProoJ: As 
n kerD=O,(G)=E 
DiII 
and all statements of this lemma behave well residually, it suffices to prove 
that [N’, T] and [C,,,(T), G] are in the kernel of every irreducible 
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representation D of G over K. This is trivial if D has degree 1. If H d G, let 
H denote the image of H in (? = G/ker D. 
If D has degree 3, then N’ d ker D as N is a 2-group. Hence [N’, 7J < 
ker D is trivial. By Lemma 13 (with L = ker D) we obtain 
- - 
N=[N, T]xCN(T) with C,( 7;) < Z(G). 
If D has degree 2, by Lemma 10 1 &/Z(G)1 = 22 and r operates fixed- 
point-freely on n/Z(G). This shows m, <Z(G) = C,(T). 
15. LEMMA. G’ g SL(2, 3). 
Proof Let again T be a Sylow-3-subgroup of G. We put C,,,.(T) = 
N,/N’. Then T centralizes N,/N’ and by Lemma 14 also N’. This implies 
N,=C,(T)=Z(G). 
By Lemma 13 I N/N, I= 4. Hence N = (Z(G), x, , x2) has class 2. Thus 
[x,, x,y= [xf, .x2] = 1. 
This shows 
Also 
I W(G)I = I G/C,(T)1 = I G/NII N/C,(T)I = 24. 
By Lemma 13 we have the diagram 
G 
2 
NT 
3 
/N\ 
N’x AN2 
N’ 
2 
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where T centralizes N,/N’, hence also N/N, and 1 N,/N’I = 4. Hence 
N, Ta G and ) G/N, T( = 2”+‘. By Lemma 9(a) G/N, T is abelian. Hence 
G’ < N, T and so 1 G’I divides 24. As G/N is nonabelian of order 6 and T 
operates fixed-point-freely on N,/N, we obtain N, < G’ and 3 1 ) G’I, hence 
G’ = N, T. Either N, is a quaternion group or it is elementary abelian. In 
the second case N, is a completely reducible T-module containing the 
trivial module N’. But then G has a nontrivial 2-factor group, contradicting 
the fact that G/03’(G) = G/O’(G) is abelian by Lemma 9(a). 
Hence N, is a quaternion 
16. Proof of Theorem 1. 
Again it suffices to show 
C C,(G’), G] < ker D 
group and G’ g X(2, 3). 
(a)C,(G’)=Z(G) and G’nZ(G)=Z(G’): 
for every irreducible representation D of G. If D I G, is irreducible, by Schur’s 
lemma the centralizer of D(G’) is central in D(G). If D ) G, is reducible, then 
G” 6 ker D and from G’ z SL(2, 3) we obtain 
[ C,( G’), G] d C,(G’) n G’ = Z( G’) = G”’ B ker D. 
Hence C,(G’) = Z(G) and therefore 
G’ n Z(G) = G’ n C,( G’) = Z( G’). 
(b) 1 G/G’Z(G)l = 2: 
As G’rSL.(2,3), (Aut G’/Inn G’J =2. As C,(G’)=Z(G) by (a), G/G’Z(G) 
is isomorphic to a subgroup of Aut G’/Inn G’. As G induces a nontrivial 
automorphism on the group G’/G” of order 3, we have G’Z(G) < G, hence 
1 G/G’Z( G)l = 2. 
(c) Now suppose that G’ g SL(2,3) and I G/G’Z(G)I = 2. We claim that 
the degrees of G are 
1, 2, 3 over K (Char K= 3) 
and 
1, 2,3 3, 4 over C. 
The degrees of G = SL(2, 3) are well-known, namely including mul- 
tiplicities 
1, 1, 1, 2, 2, 2, 3 over @ 
1, 2, 3 over K. 
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Obviously G’Z(G) has the same degrees. Hence all irreducible represen- 
tations of G’ and G’Z(G) over K are stable under G, therefore have exten- 
sions to G as G/G’Z(G) is cyclic. This shows that the degrees of G over K 
are 1, 2, 3. 
The same argument shows that over @ the representations of G’Z(G) of 
degree 3 have extensions to G. Hence the degrees of G over @ are either 
1, 2, 3 or 1, 2, 3,4. 
Suppose that G has only the degrees 1,2,3 over @. Then G is an 
Isaacs-Passman group and hence by [6] G”’ = E. But as G’ z SL(2, 3) we 
have 1 G”‘( = 2. 
Hence 1, 2, 3,4 are the degrees of G over C. 
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